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Abstract

We prove the local well-posedness for the barotropic compressible Navier-Stokes system on a moving domain,
a motion of which is determined by a given vector field V, in a maximal L, — Lq regularity framework. Under
additional smallness assumptions on the data we show that our solution exists globally in time and satisfies a
decay estimate. In particular, for the global well-posedness we don’t require exponential decay or smallness of V
in Ly(Lg). However, we require exponential decay and smallness of its derivatives.
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1 Introduction

We consider a barotropic flow of a compressible viscous fluid in the absence of external forces described by the isentropic

compressible Navier-Stokes system
Oro + div,(ou) = 0, (1.1)

O(ou) + div,(ou ® u) + Vyp(e) = div,S(Vzu), (1.2)

where g is the density of the fluid and u denotes the velocity. We assume that the stress tensor S is determined by
the standard Newton rheological law

S(Veu) = (Vmu +Via— gdivmu]l> + (divgul (1.3)

with constant viscisity coefficients ¢ > 0 and ¢ > 0. The pressure p(p) is a given sufficiently smooth function of
the density. We assume the fluid occupies a time-dependent bounded domain £2;, the motion of which is described
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by means of a given velocity field V(t,z), where ¢t > 0 and z € R3. More precisely, we assume that if X solves the
following system of ordinary differential equations

d
X(t,2) = V(t,X(t,x)), t>0, X(0,2) =z,
we set

QT:X(T,Q()),

where Qy C R3 is a given bounded domain at initial time ¢ = 0. Moreover we denote I'; = 0, and

Q-= |J {t} x=:(0,7) x .

te(0,7)
We consider system (1.1)-(1.2) supplied with the Dirichlet boundary conditions
(u—V)|p, =0for any 7 >0 (1.4)

and the initial conditions
Q(Ov ) = 0o, u(ov ) = U in QO~ (15)

The existence theory for system (1.1)-(1.2) on fixed domains is nowadays quite well developed. The existence of
global weak solutions has been first established by Lions [16]. This result has been later extended by Feireisl and
coauthors ([10], [4], [5], [6]) to cover larger class of pressure laws. Strong solutions on fixed domains are known to
exists locally in time or globally provided certain smallness assumptions on the data. For no-slip boundary conditions
see among others [18], [19], [28], [29] for the results in Hilbert spaces, [20], [21], [22] in L, setting and [3] for a maximal
L, — L, regularity approach. Problem with slip boundary conditions on a fixed domain has been investigated by
Zajaczkowski [30], Hoff [12] and, more recently, by Shibata and Murata [17], [26] in the L, — L, maximal regularity
setting. In [23],[23] the approach from [3] has been adapted to treat a generalization of compressible Navier-Stokes
system describing flow of a compressible mixture with cross-diffusion. For results on free boundary problems for
system (1.1)-(1.2) we refer to [31], [32] where global existence of strong solutions in Lo-setting has been shown under
the assumption that the domain is close to a ball and to [25] where a free boundary problem is treated in L, — L,
approach.

The existence theory for system (1.1)-(1.2) on a moving domain with given motion of the boundary started to
develop with the results for weak solutions obtained using a penalization method in [8] for no-slip bondary conditions
and [9] for slip conditions. These results have been recently generalized to the complete system with heat conductivity
in [13] and [14]. The first weak-strong uniqueness result on a moving domain has been shown in [2] in case of no-slip
boundary condition. A generalization of this to slip conditions as well as a local existence result for strong solution
for both types boundary conditions can be found in [15]. There, the authors use the energy approach in Lo setting
for the existence result.

The aim of this paper is to extend the existence theory for strong solutions on a moving domain to L, — L, maximal
regularity setting. We present a more detailed outline of the proof after stating our main result, however first let us
resume the notation used in the paper.

1.1 Notation

We use standard notation for Lebesgue spaces Ly (€2) and Sobolev spaces W) () with k € N on a fixed domain Q. By
Cp(€) we denote a space of bounded continuous functions on Q. Furthermore, for a Banach space X, L,(0,T; X) is
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a Bochner space of functions for which the norm

T 1/p
<
1l 0mx) = { (150l de) = 1<p<oo,
ess supg<,<7 | f () x, p =00
is finite. Then
W, (0,T;X) ={f € L,(0,T; X) : 0:f € Lp(0,T; X)}.

For p > 1 we denote by p’ its dual exponent, i.e. % + L = 1. Next, we recall that for 0 < s < oo and m a smallest
integer larger than s we define Besov spaces on domains as intermediate spaces

B p () = (Lqg(€0), W™ () s /m.p- (1.6)
where (-, -)s/m,p is the real interpolation functor, see [1, Chapter 7]. In particular,
B0 (Q) = (Lg(2), Wi ()1-1/pp = (WF(2), Lg(2))1/p.p- (1.7)

We shall not distinguish between notation of spaces for scalar and vector valued functions, i.e. we write L, () instead
of Ly(9)? etc. However, we write vector valued functions in boldface.

For function spaces on moving domains we assume that there exists R > 0 such that for all ¢ € [0,7] it holds
Q; C Br(0), where Br(0) denotes the ball in R? of radius R centered at the origin. Then we define

Ly(0,T; Ly()) = {u € Ly(0, T; Ly(Br(0))), u(t,-) = 0 in Br(0)\ € for ae. t € (0,T)} (1.8)

1
T P
lullr, 0.7:1, 00 = (/0 ||u(t)||12q(9t) dt)

”u”Lm(&T;Lq(Qt)) = €8S SUPye(o,7) ”“(t)HLq(Qt) :
Similarly we define spaces Ly (0, T; W,(€)). Let I € N and a be a multi-index. Then

with the norm

for p < co and

Ly(0, TsWE(Q0)) = {u € Ly(0,T; Ly($4)), 0%u € Ly(0, T3 Ly()) V]al <1}
with the norm

lell, 07wy = D 10%Ull, 0,732, (00))
[a| <1

Let us also introduce a brief notation for the regularity class of the solution. Namely, for a function g and a vector
field f defined on (0,T) x €, we define

19, Ellxcry = [l 2,0, 7w2(00) + el L 0,7:0,00) + 19l L0, mw @0)) + 19¢l 20,7520 020)) (1.9)
and for a pair §, f defined of (0,T) x Qo
13: Ellyery = I1Ellz, 00wz @0)) + 18]l Ly 0.75Lq00)) + 1 w2 0.1:w2 20 - (1.10)
Obviously, we denote by X (T) and Y(T) spaces for which above norms are finite.

Remark 1.1 Notice that the norm (1.10) involves also |||, (w2 (,)) while in (1.9) we have only |g:llL,(z,0))-
The reason is that in the Lagrangian coordinates we are able to show higher reqularity of the density, which does not
correspond to equivalent regularity in Eulerian coordinates, see Section 4.4.

Finally, by E(-) we shall denote a non-negative non-decreasing continuous function such that E(0) = 0.

def :bsqp
def :bsqp
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1.2 Main results

The first main result of this paper gives the local well-posedness for system (1.1)-(1.2) with Dirichlet boundary
condition.

Theorem 1.1 Let Qy C R? be a bounded uniform C? domain. Assume
00 € W;(Q()), ug € 337;2/{)(90)

and
V € Ly(0,T; W7 (R?) N W, (0,T; Ly(R?))

with 2 < p < 00, 3 < g < oo and % —&—g < 1. Then for any L > 0 there exists T > 0 such that if
loollw o) + 0ll gz—2/v gy + IV, 0.m:wz @3)) + 10:VIL, 0L, ms)) < L (1.11) [init:mor

then the system (1.1)-(1.5) admits a unique strong solution (9,u) € X(T) and

lo, ullx(r) < CL. (1.12)

Remark 1.2 Let us comment on the restrictions on p and q. The condition q > 3 is natural as we shall repeatedly use
the embedding W, () C Loo(€). However, a stronger condition % + % < 1 is required since we need the embedding

Bgf;_l/p)(Qo) C WL () to prove Lemma 4.2, see Corollary 3.1.
The second main result gives global well-posedness:

Theorem 1.2 Let Qy C R? be a bounded uniform C? domain. Assume that
00 € Wi (), ug € B2,%/7(Q)
Furthermore, let o*,v > 0 be given constants. Then there exists € > 0 such that if
lleo = @*llwz (o) + 110 = V()| g2-2/0 g ) + 170V, Va V. VEV) L, 0,152, (20)) < € (1.13) [init:nor
then the unique strong solution to (1.1)-(1.5) is defined globally in time and

e ollw1(0,00wi @20y + €700l L, (0.00:L,(2)) + 11€7 V]l L, 0.00wi () + 1€ (0 = V)|, (0,00:Lg(02)) < T, (1.14)  [est:glob
||uHLp(ano;Lq(Qt)) <Ce+ HV”L,,(O,oo;Lq(Q,,))- (1.15) |est:glob:

The paper is structured as follows. In Section 2 we rewrite the problem on a fixed domain using Lagrangian
coordinates. In Section 3 we recall known results which we apply to prove Theorems 1.1 and 1.2. These are results
on the existence of solutions to linearized problems on a fixed domain and certain imbedding properties. Section 4
is dedicated to the proof of Theorem 1.1. We reduce the problem to homogeneous boundary condition and show
appropriate estimates of the right hand side of the problem in Lagrangian coordinates and conclude using fixed point
argument and linear result recalled in Section 3. In Section 5 we prove Theorem 1.2. For this purpose we obtain
appropriate estimates of the right hand side which allow to show uniform in time estimate for the solution using
exponential decay property of the linear problem. This estimate allow to prolong the solution for arbitrarily large
times.



2 Lagrangian transformation

Let us start with a following observation

Lemma 2.1 Let p and q satisfy the assumptions of Theorem 1.1. Then
(i) if ||f||Lp(O’T;Wq2(QO)) < M for some M > 0, then

T
| 195t < 2B, (21)

(ii) if ||e"*tf||Lp(0’oo;qu(Qo)) < M for some M,~ > 0 then

/ IVEt )L odt < CM. (2.2) |2:1a
0

Proof: By the imbedding theorem and Hélder inequality we have

1/

T T , T P
|19ttt < € [ U et < T [ (170 p0y) i < MED).

which proves the first assertion, and for the second we have

o oo
[ IV ot <€ [T et st
0 0

’

[eS) 1/p
< (/ e tP dt) \|€Wtf||Lp(o,oo;Wq2(Qo)) < CM.
0

O
In order to transform problem (1.1)-(1.2) to a fixed domain we introduce the change of coordinates
d
SXalty) =u(tXu(ty)) fort >0, X(0.y) =y, (2.3)
ie. .
Xult,y) = y+/ u(s, Xu(s,y))ds. (2.4) -eq:cocl
0
Then for any differentiable function f defined on Q1 we have
d 0
3/ Xa(ty) = 5. (6 Xalty) + w0 Ve f (1 Xt y))- (2.5)

Let us define transformed density and velocities on a fixed domain €g:
é(t7y) = Q(t7Xu(t7y))7 ﬁ(t>y) = u(t7Xu(t7y))ﬂ V(t,y) = V(t7Xu<tﬂy)) (2‘6)

Lemma 2.2 Assume that .
|19yl < (2.7)
0



for sufficiently small 6 > 0. Then the inverse to Xy, i.e. Y (t,z) defined as
Xut,Y(t,z))=a Vt>0, z € Qy, (2.8)

is well defined and its Jacobian can be expressed in a following way

VoY (t, Xu(ty) = [VyXu(t,y)] ™' =T+ E(ka(ty)), (2.9)
where .
0
and E°(+) is a 3 x 3 matriz of smooth functions with E°(0) = 0

Proof: We have .
t,y :5¢‘+/ —(s,y) ds. 2.11
g, 00 =00+ [ G (211)
Therefore, if (2.7) holds for sufficiently small § then Y (¢, ) is well defined and we have (2.9)-(2.10) with E® as in the
statement of the Lemma. Next, by the boundary condition (1.4) we have

X, t) =Ty fort>0

and
Xa(y,t) CQy fort >0,y e Q.

Finally, it is well known that X, is a diffeomorphism which completes the proof.
O
Note that by (2.9) we can write
V. =[I+E’ka)]V,. (2.12)

Lemma 2.3 Let (p,u) be a solution to (1.1)-(1.5). Then (g,0) solve the following system of equations on the fixed
domain Qg

61t — pd i — (5 +C) V,div, G+ V,p(0) = F(2,1) (2.13)
0¢ + odiv yu = G(p,1), (2.14)
;=0 =, 1tlyn, = V. (2.15)

The i-th component of F(-,-) is given by

Fi(0,0) = —E;;0,,p(0) + Ri(q), (2.16)
and i
~ ~ Uj
G(Qv ll) = _«QE?]' (kﬁ)a ) (217)
Yj
where the components R;(-) of R(:) are expressed as
Ri(@1) = pa[Aoa (ka) V28 + Ay a(ka) Vi) + (g + g) [Asdiv s (ka) V21 + Aaiy i (ka) Vi, (2.18)

with Aja and Ajaiv (5 =1,2) given in (2.23), (2.24), (2.26) and (2.27), respectively.

eq:inv

2:3

ku

2:2

dx:lag

Q el =l Ql| =

. . Ie) td %3l

= [} o . .

o o ol =|]| =

09 [0} || @ o

== = || 0’ (0]
o = =
[}

def:R



Proof: We have

div,u=div,a+E’: V,a, (2.19)
where E? : V, i = EY, (kg )8“’ which together with (2.5) gives (2.14).
In order to transform the momentum equation (1.2) it is convenient to rewrite it, using (1.1) and (1.3), as

o(Oru+u-Vyu) — pAzu— (% + Q)Vdivu+ V,p(e) = 0. (2.20)

We have
02,1(0) = 0y, () + EJ;0y,p(0)- (2.21) [1ag:5

Now we need to transform second order operators. By (2.12), we have

Ayu= 9 <3“> = (6 + Efy(ka)) 6?” <(5km +E,, (ka)) aa) :

Oxp \ Oxp OYm
Therefore
Agu=Aya+ Ara(ka)Via + Aja(ks)Vya (2.22)
with
Asa(k Vu_ZZE +ZE (ka) 0*a : (2.23)
8y ay e OYLO0Ym,

Aia (ka)V, i =(Vi, BV, ) (k )/ (V) ds 2%

o (224)

+EY (ka) (Vi E? ) (ka) alv ads 2L
a 0 Yy 8y

Next, by (2.19)

a .. 5 0 o oty
o, = Z((Sik + Eik(kﬁ))ay divya + Z E} )(9ym ,
k=1 I,m=1
so we obtain 5 5
8Tcidivzu = @divyﬁ + Asdiv ,i(kﬁ)vzfl + Aqaiv,i(ka)Vyu, (2.25)
where
> U ~
a uz 0 aQul
A iv 2 u E le u + E E m kﬁ , 2.96 odi
2di mZ: 8ymay7, ; Yy kzl:l ) l ( ) aykaym ( )

3 t -
0
Aldlv ’L u ﬁ: Z vk E ﬁ)/ @Vyﬁdsayﬂ
0 m

(2.27)

8’(1,1
+ lzmj EY, (ka) (Vi ED, /akvyudsaym

Putting together (2.21), (2.22) and (2.25) gives (2.13) with (2.16).

—
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3 Linear theory and auxiliary results

First we recall a maximal regularity result concerning the linear problem on a fixed domain, which will be used in the
proof of Theorem 1.1. The linearized system of equations on the fixed domain ) reads as

oou; — pAyu — (% +)Vydiv,yu+~4Vyn =1, (3.1)
N + oodivyu =g, (3.2)
ulsn, =0, ult—o = uo. (3.3)

To show the local well-posedness for the Dirichlet boundary condition we will use the following result

Proposition 3.1 Let 1 < p,q < oo and % + % % 1. Let gg,ug, v and C satisfy the assumptions of Theorem 1.1.
Moreover, let Qo C R™ be a uniform C? domain. If% + % < 1, assume additionally that the initial velocity satisfies
the compatibility condition uplaq, = 0. Finally, assume that for some T > 0

fe LP(OaT;Lq(QO))v g€ LP(O7T7 qu(QO))
Then the problem (3.1)-(3.3) admits a unique solution (g, u) € Y(T') such that
llo,ully(ry < C(T, 1, € lleoll Lo )l g2-2/0 ) + I, 0,752, (20) + (191l 0.7w72 20 - (3.4)

In order to show the global well-posedness in Theorem 1.2 we will linearize the problem around the constant o*,
therefore we consider on the fixed domain €2y a linear problem

o'uy — pAyu — (% +()Vydiv,u+4Vyn =f, (3.5)

ne + o*divyu =g, (3.6)
ulsg, =0, uf=o = uo. (3.7)

We have the following exponential decay estimate

Proposition 3.2 Let 1 < p,q < co. Let Qo € R™ be bounded, uniform C? domain. Assume p,q, u,(,ug satisfy the
assumptions of Proposition 3.1. Assume moreover that there exist v > 0 such that

e"'f € L,(0,00;Ly(Q)), €''ge W;(O,oo; Ly(0)).
Then (3.5)-(3.7) admits a unique solution o,u such that
€70 ]| 1, (0,005La (20)) + 1770|0002 020)) + V2117 Vytal| 1, (0,005L (920)) + 1€7 MW 2 (0,00:W2 (2)
<Cpgq (HUOHB(?;z/p(QO) + |‘e7tf|‘Lp(07m;Lq(gzo)) + ||€’ytg||qu(0,oo;Lq(Qo))) . (3.8)

Remark 3.1 Propositions 3.1 and 3.2 can be deduced directly from, respectively, Theorems 4.1 and 5.1 in [23] as
their special cases. Alternatively, they can be deduced from Theorems 2.8 and 2.9 in [3], respectively.

Next we recall some embedding results for Besov spaces. The first one is [1, Theorem 7.34 (c)]:

ME:1in0O
CE:1in0

icbc:1lin

Al

est:1linM

ME:1linla

CE:linla
icbc:1lin



rimbedl

:imbedl

Lemma 3.1 Assume §2 € R™ satisfies the cone condition and let 1 < p,q < 0o and sq > n. Then
B; () C Cp(),
where Cp we denote the space of continuous bounded functions.

In particular u € B2,*?(€) implies Vu € Ba,>/?(Q0). Therefore the above Lemma with s = 1 — 2/p yields
Corollary 3.1 Assume % + % < 1 and let Qo satisfy the assumptions of Theorem 1.1. Then Bi;wp(Qo) C WL ()
and

£l @) < Ol ga-2ro - (39)
The next result is due to Tanabe (cf. [27, p.10]):

Lemma 3.2 Let X andY be two Banach spaces such that X is a dense subset of Y and X CY is continuous. Then
for each p € (1,00)
W;((Oa OO), Y) N LP((O7 OO), X) C C([()? 00)7 (X7 Y)I/I%P)

and for every u € H}((0,00),Y) N L,((0,00), X) we have

su ||u(t)H(X,Y)1/p,p < (||u||ip((o7oo)7x) + ||u||€vz}((o7oo)7y))1/p

te(0,00)
O
4 Local well-posedness
4.1 Linearization for the local well-posedness
Let us start with removing inhomogeneity from the boundary condition (2.15). For this purpose we show
Lemma 4.1 Let V satisfy the assumptions of Theorem 1.1. Then the problem
000 up1 — pAyup — (% + ()V,div yup; =0 in Qo x (0,7), (4.1)
Wilr, =V, upli=o = V(0)
admits a unique solution such that
1006111 £, 0,75, 20)) + W61 20,752 (00)) < ClOV |y 0,752 00)) + 1V |20, w2 (00))- (4.2)

Proof. Denoting tp1 = up; — V we have
000siip — Uiy — <§ + OV, div iy = 000V — pA,V — (% +OV,div,V  inQx (0,7),  (4.3)
Up1|r, =0, Wp1fi=0 = 0.

Therefore, if V satisfies the assumptions of Theorem 1.1 then a maximal regularity result for the momentum equation,
which can be deduced similarly to Proposition 3.1, gives

||8tﬁb1HLp(O,T;Lq(Qo)) + ”ﬁblHLP(O,T;WqZ(Qo)) < C||3t\7, Vf,VHL,,(o,T;Lq(Qo))v (4.4)

def :vuba



nonlin?2

nonlini

nonlin3

which implies (4.2).
(]
As linear system in Proposition 3.1 has constant in time coefficients, we linearize (2.13)-(2.14) around the initial
condition. Denoting
77257@03 V=1u-—up

we obtain
p . B
00Ve — A,V — (g + C) Vydiv v+ Vyn =Fi(n,v) (4.5)
M + eodiv ,v = G1(n, v), (4.6)
V|t=o =up — V(0), v|sq, =0. (4.7)
where 71 = p/(9o) and
F1(n,v) =R(1+ 00,V + up1) = 19:(v + up1) — p'(00) Voo — [p' (1 + 00) — p'(20)]Vy7) (4.8)
G1(777 V) = G(W + 00,V + ubl) - (77 + QO)le yubl - T]le yva (49)

and R(p,0) is defined in (2.18).

4.2 Nonlinear estimates for the local well-posedness.
Using the results recalled in the previous section we show the following estimate for functions from the space Y(7T'):

Lemma 4.2 Let (g,0) € B(0, M) C Y(T) and let ug satisfy the assumptions of Theorem 1.1. Then

”Eo(kﬁ)v VkaEO(kﬁ)7 HLOO((O,T)XQU) < C(Ma L)E(T)a (410)
supye(o,1) 10 8) Wi 0,) < C(M, L)E(T), (4.11)
supse o, V(- 1) — uoHngfl/p) <C(M,L), (4.12)
IVILo 0, 13we (020)) < C(M, L), (4.13)

where kg is defined in (2.10).

Proof. This result is in fact part of [24, Lemma 5.6]. For the sake of completeness we present an outline of the proof
referring there for details. First, (4.10) follows immediately from Lemma 2.1. In order to prove (4.12) we extend
v —ug to the whole real line in time and apply Lemma 3.2 with X = W} () and Y = Ly(Qp). Finally (4.13) follows
from (4.12) and Corollary 3.1.

From the proof of (4.13) we can also deduce -
Lemma 4.3 Let f; € Ly(0,T; Ly(Q)), f € Ly(0,T; W2()) £(0,-) € Bap P (Q). Then
Iz rwi@o) < Clllfellz, 0120000 + 1FllL, 00wz 00)) + 1O g2-270 - (4.14)
Now we can estimate the right hand side of (2.13) in the regularity required by Proposition 3.1:
Lemma 4.4 Let Fi(n,v),G1(n,v) be defined in (4.8) and (4.9). Assume that 9o, ug and V satisfy (1.11). Then
IF1(0 V)|, 07524 (020)) + 1G1 (0 V)L, 0,7w 1 (20)) < E(T)(IIn, vllyer) + L) (4.15)
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Proof: The proof relies on the estimates collected in Lemma 4.2. By (4.11) and (4.2) we have

110 (v + i)l 2, 0,74 (20)) < 11l Loc@0x0.7)) (196V |2, 0,724 (0)) + 18601 [,y 0,724 (200))) (4.16)
< E(M[lln, vy + L].

In order to estimate the remaining terms notice that all the quantities (2.23)-(2.27) contain either E(kg) or VE(kg)
multiplied by the derivatives of & with respect to y of at most second order. Therefore (4.10) and (4.2) imply

||A2A(ka)vifl7 Aia(ka)Vya, Asgiv ,i(kﬁ)v§ﬁ7 Ardiv,i(ka)Vyul L, 0,12, 920)) < E(T)[In, vy + L] (4.17)
Putting together all above estimates we get the estimate for F;. Next, (4.10) gives immediately
1G(2, )|z, 0, 13wp @0 < E(D)lIn, viyer) + L,

and thus (4.15) follows.

4.3 Fixed point argument

Let us define a solution operator
(n,v) =8(n,v) < (n,v) solves (4.5)-(4.7) with right hand side F1(7, V), G1(7, V).

By Proposition 3.1 and Lemma 4.4, S is well defined on Y(T") and maps a ball B(0, M) C Y(T) into itself provided T'
is sufficiently small w.r.t. M and L. Denote

(nivvi) :S(f]iavi)v 1= 1a2
Then the difference (71 — 12, v1 — va) satisfies

000;(v1 — V) — pAy (v —va) — (% + C) Vydivy(vi = v2) + 1 Vy(m —n2) = F1(71, V1) — F1(72, v2) (4.18)

O(m — m2) + 00div 4 (v1 — v2) = G1(71, V1) — G1(7j2, V2), (4.19)
(V1 — V2)|t:0 = O, (V1 — VQ)‘(')QO = 0, (420)

and we have

Fi(71,v1) —F1(72,V2) = R(71 + 00, V1 + up1) — R(72 + 00, V2 + up1) — (71 — 72)Opuyy — M1 0:(Vy — V2) (4.21)
— 0:va(m — 72) + ' (00)Vy (T — 72) — 2" (T + 00)Vy (T — 72) — Vyi2[p' (71 + 00) — P’ (72 + 00)]

and

G1(1, V1) — G1(T2, V2) = — (i — i2)div yup1 — 7odiv (V1 — V2) — (1 — 72)div V1 — (71 + 00)E' : V (V1 — V)
— Vy(Vo +up) : [(7 + 00)(E — E?) + (1 — 72) E”], (4.22)

where we have denoted
El = Eo (k‘71+ubl)7 E2 = EO (k\72+ub1)‘
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Since E°() is smooth, we have
IEl - E2| < C|k\71+ub1 - k{’2+ub1| < Ck\71*\72'

Therefore, recalling the definition of R we obtain
[R(71 + 00, V1 +up1) — R(2 + 00, V2 + wp1) |z, 0,752, (20)) < E(D)|[(M1 — 02, V1 — V2)lly(r)-

Estimating the remaining terms on the right hand side of (4.21) similarly as in the proof of Lemma 4.4 we obtain

1F1(71, V1) = F1(72, V2) £, 0,724 (20)) < E(D)( — 712, V1 — V2)lly (1) (4.23) |est:dif:
In a similar way we get
1G1(711,v1) = Ga2(12, V2)llwi (0,751 (20)) < B — 72, V1 — V2)ly(r)- (4.24) |est:dif:i

Applying (4.23), (4.24) and Proposition 3.1 to system (4.18)-(4.20) we see that S is a contraction on B(0, M) C Y(T)
for sufficiently small times. Therefore it has a unique fixed point (n*,v*). Now
0=n"+00, U=v"+upn
is a solution to (2.13)-(2.15) and
e, ully(r) < CL.

It is quite standard to verify that after coming back to Eulerian coordinates we obtain a solution with the estimate
(1.12), however for the sake of completeness we justify it briefly in the next subsection.

4.4 Equivalence of norms in Lagrangian and Eulerian coordinates

c:equiv

By (4.13), the Jacobian of the transformation X, is bounded in space-time. Therefore, Lemma 2.2 implies the
equivalence of L,(0,T; L,) norms of a function and its first-order space derivatives. Furthermore, we have

Vi f(ty) = Vo f (. Xa(t,9) Vi Xa + (V, Xa) V2, Xal(t,9))-

Again by (4.13), V, X, is bounded in space-time, which together with embedding W} (Q) C Loo(€2) for t € [0,T)
gives equivalence of L,(L4) norms of second space derivatives. However, we have a different situation for the time
derivative. The solution constructed in Lagrangian coordinates satisfies

0t € Lp(0,T; Wy ().

However, due to (2.5) this does not imply the same regularity for the density in Eulerian coordinates. Nevertheless,
the regularity of u implies
o1 € Lp(0,T; Lg (),

which is the regularity in the assertion of Theorem 1.1.

12
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5 Global well-posedness

5.1 Linearization

Again we first reduce the problem to homogeneous boundary condition.

Lemma 5.1 If'V satisfies the assumptions of Theorem 1.2 then the problem
0" Oy — pA gy — (% +OV,div,me =0 inQ x (0,7), (5.1)
ubQ\FO = \7, ub2\t=o =V(0)

admits a unique global in time solutions uye with the decay estimate

e el L, 0.7:Ly20)) + €7 V2| L, 0.0:w 3 (20)) + €7 (b2 — V)L, 0,751, (20)) < Clle™ OV, VEV)IIL, 0,751, (90))-
(5.2)

Proof. Let us define 0y, = upa —V. If V satisfies the assumptions of Theorem 1.2, we have a decay estimate analogous
to Proposition 3.2:

€Dt 1, (0,1:Lq020)) + 1€7 W2l L, (0.7:w2 (020)) < Clle 0V, VoV L, (0.TiL (%)) (5.3)

which gives (5.2).
O

This time we have to linearize the density around the constant ¢*. Denoting
0—:579*7 V:ﬁfubQ

we obtain from (2.13)-(2.15)

Vs — AV — (g +¢) Vydivyv +72V,0 = Fa(0, ) (5.4)
or + o"divyv = Ga(o,v), (5.5)
V]imo =ug — V(0), v|sq, =0. (5.6)
where 75 = p/(0*) and
Fao(o,v) =F(0 + 0", v +up2) — 00:(v + wp2) — [p'(0 + 0") = p'(0")|Vyo (5.7)
Ga(o,v) = G(o + 0", v+ w2) — (0 + 0")div yupe — odiv v (5.8)

5.2 Nonlinear estimates for the global well-posedness
We start with an analog of Lemma 4.2 which will be used to estimate the nonlinearities for large times.

Lemma 5.2 Let ¢ (o,v) € Y(00) for some v > 0 and let oo, ug satisfy the assumptions of Theorem 1.2. Then

IE®(ka), Vi B (Ka); || Loy (0,000 x20) < Clle (0, V) [[3(00) (5.9)
SUD; e (0,00) 10 (5 1) lwa(e) < Cle+ [[€7(0, V)l y(00)]s (5.10)
SUP¢e(0,00) V(-5 1) — UOHngfl/m < Clle(a,v)[|y(o0) (5.11)

)

IV Lo (0,00, w2 (20)) < Clle™ (0, V) [ y(00)5 (5.12
where kg is defined in (2.10).
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Proof: We have

%) oo , 1/p’ [ 1/p
/0 |Vyv]oodt < (/0 e~ tP dt) (/0 evtp||v||qu(90)dt) )

which implies (5.9). Next,
¢
loCo Ol L0y < Moo = %[l 00) +/0 o2 (s, )| Low (20

NS Y s tr
<e+C (/ e P ds) (/ evszj”@t”W,}(Qo)ds) )
0 0

which yields (5.10). Finally, (5.11) follows from Lemma 3.2, and (5.11) combined with Corollary 3.1 gives (5.12).

(Il
The following lemma gives estimates for the right hand sides of (5.4)-(5.5).
Lemma 5.3 Let Fo(p,01),Go(0,1) be defined in (5.7) and (5.8). Assume that 9o, ug and V satisfy (1.13). Then
1F2(0, )z, (0,00:L,(2)) + 1G2(8, ﬁ)”LP(O,oo;qu(Qo)) < C(Jle (o, V)H%)(oo) +€). (5.13)
Proof. First, analogously to (4.17), this time using (5.9) and (5.2) we obtain
||€7tA2A(kﬁ)VZfl7 Aia(ka)Vya, Asgiv ,i(kﬁ)viﬁa Aradiv,i(ka) V|, 0,00:L, (92))
< Clle” (0, V) |y o) 17 (v + ws2) [l 1, (0,005 L., (20))
< Ol (0, V) ly ooy 1€ (0, V) |y (o) + 1€ (0 V, VEV)IL, (0,00:L, (22))]
< Clle™ (o, v) [y oo €7 (0, V)l y(o0) + €l- (5.14)

Next, by (5.10) and (5.2)

€780 (v 4+ 1p2) [l 1, (0,003Ls (20)) < N1 Loe ((0,00) x20) 1€ 0 (V + Wb2) || 10,0054 (20)) < ClE + l€7 (0, V) 1))

and

10" (2) = P (@)1 Vy0ll L, 0.00iL0(20)) < 11 (0,00 x20) 1€ Vil 2, 0,00:24(200) < Cle + €7 (0, V) |y (o) |-

Combining all above estimates we get the required estimate for |[Fa||z (0,00:L,(Q0))- Finally, G2 and its space derivatives

are estimated in a similar way using Lemma 5.2 and (5.2).
(]

5.3 Proof of Theorem 1.2
It is now easy to verify the following estimate which allows to prolong the local solution for arbitrarily large times.

Lemma 5.4 Assume o,v is solution to (5.4)-(5.6) with gg,ug and V satisfying the assumptions of Theorem 1.2.
Then
17 (0, ¥)lly(00) < Ee). (5.15)
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Proof. Combining Proposition 3.2 and Lemma 5.3 we obtain

lle” (o, V)llyry < Cle+ lle” (o, v)||§,(T)]. (5.16) |est:expn

Note that we derived this inequality for T = oo, however it is easy to observe that the same arguments yield (5.16)
for any 7' > 0. Consider the equation

r° — +e=0.

z
c

(= = — /-1 _ (0= — +,/-L _
=50 ac? @ YT o0 ac? ¢

Notice that the inequality (5.16) implies either [[€7*(a,v)|ly(r) < z1(€) or ||e”* (o, v)||y(r) > 22(€). However,

Its roots are

" (o, v)[ly(ry = 0

as T — 0, therefore
1" (o, v)|ly (1) < w1(e)

for T' small. Finally, ||€?* (0, Vv)||y(r) is continuous in time and therefore

17, V) Iy (oc) < z1(€)-

(I
Now it is a standard matter to prolong the local solution for arbitrarily large times. For this purpose it is enough
to observe that if the initial data satisfies the smallness assumption from Theorem 1.2 then the time of existence from
Theorem 1.1 satisfies T' > C(€) > 0. Therefore, for arbitrarily large T we can obtain a solution on (0,7*) in a finite
number of steps. By the estimate (5.15) this solution satisfies (1.14)-(1.15).
Finally, the equivalence of norms can be justified as in Section 4.4, using (5.12) instead of (4.13).
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